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Abstract
In this paper two diﬀerent non-local plasticity models are presented and compared to describe the necking and fracture through a
non-convex energy, where fracture is regarded as the extreme localization of the plastic strain. The diﬀerence between the models
arises from the evolution of plastic deformation. The first (rate-dependent) approach, proposed in Yalcinkaya et al. (2011) follows
the principle of virtual work to get balance equations and the dissipation inequality, in order to obtain the plastic evolution equation.
The free-energy is given by the sum of a non-convex plastic term, and two quadratic terms with respect to the elastic deformation
and the plastic deformation gradient. In the second (rate-independent) model, developed in Del Piero et al. (2013a), the plastic
evolution is determined by incremental minimization of an energy functional which is equal to the free-energy of the previous
model. The numerical example considers a convex-concave plastic energy to address the response of a tensile steel bar, where
plastic strains localize intrinsically up to fracture. The numerical results exhibit good agreement between the two models. The
solutions provided by the rate-dependent model approach those of the rate-independent model, as the imposed deformation rate
reduces.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
Keywords: Non-convexity, necking, strain-gradient plasticity, localization, softening
1. Introduction
During simple tension or compression, ductile metals initially display macroscopically uniform deformation
modes. However, after a finite amount of straining, it is common that such homogeneous deformation patterns yield to
ones which are characterized by localized modes, such as localized bands and necking which is often a direct precur-
sor to ductile rupture through profuse void formation and growth within the band (see e.g. Asaro and Rice (1977) and
Asaro (1979)). There have been numerous methods developed to model the formation of the so called localization or
the cohesive zone accompanied by the macroscopic softening of the material in the context of damage and plasticity
theories. Recently the concept of cohesive energy diﬀused over the volume is considered in the modeling of brittle
fracture (see e.g. Volokh (2004)) and damage (see e.g. Benallal and Marigo (2007) and Pham et al. (2011)), and in
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the variational theory of fracture (see e.g. Freddi and Royer-Carfagni (2010)). In particular, Pham and Marigo (2010)
deals with a model of energy minimization, in which rupture is preceded by progressive damage. While in most of
these frameworks the localization is governed by a damage variable, in the current approach it evolves as the intrinsic
property of the cohesive or the free energy itself. Therefore the solution is strongly aﬀected by the convexity-concavity
properties of the energy. A convex cohesive energy produces a work-hardening response, with the deformation al-
most homogeneously distributed over the bar. On the other hand, a concave cohesive energy is required to capture
a softening response accompanied by strain localization, where the fracture is obtained as the extreme localization
on singular points. Analogous correlations between the shape of a cohesive functional and the evolution of fracture
have been found in Del Piero and Truskinovsky (2009), Del Piero et al. (2013a), Lancioni (2014), Del Piero et al.
(2013b) while, in the rate-dependent strain-gradient plasticity model (see Yalcinkaya et al. (2011), Yalc¸inkaya et al.
(2012), Klusemann and Yalc¸inkaya (2013), Klusemann et al. (2013), Yalcinkaya (2013)), the convex-concave shape
of a plastic energy determines the formation and evolution of deformation patterns at diﬀerent length scales.
In this paper both rate-dependent and rate-independent formation of necking phenomena is covered through two
diﬀerent plasticity models based on the non-convexity of the free energy. The first framework, proposed in Yalcinkaya
et al. (2011), Yalc¸inkaya et al. (2012) to simulate the formation of dislocation cell type microstructures, follows the
principle of virtual work to get balance equations at macro (linear momentum balance) and at micro level. The
dissipation inequality is exploited to get the microstress definitions, and the plastic evolution equation is obtained to
satisfy the reduced dissipation inequality for thermodynamical consistency. It assumes an additive decomposition of
the free-energy, which consists of a convex-concave plastic term, and two quadratic terms with respect to the elastic
deformation and the plastic deformation gradient. The resulting rate-dependent model accounts for processes where
the plastic deformation is partially recoverable. Both the displacement and the plastic slip are considered as primary
variables. These fields are determined on a global level by solving simultaneously the linear momentum balance and
the plastic slip evolution equation, which has a convex-concave term enabling the localization of the deformation field
related fracture of the material. In the second model, developed in Del Piero et al. (2013b) and Del Piero et al. (2013a),
the plastic evolution is determined by incremental minimization of a global energy functional which is composed of
three parts as mentioned above. In this case, the plastic term is supposed to be totally dissipative. Therefore, plastic
deformations are not recoverable and dissipative stress is diﬀerent than the previous one. The resulting framework is
rate-independent, contrary to the previous model. The identical convex-concave plastic potential is incorporated in
this model as well, and the outcome is compared with experiments.
The purpose of this work is to compare the results and ability of the two rate-dependent and rate-independent
plasticity models in capturing localization phenomena leading to fracture in ductile metallic materials. For the sake
of thorough mechanistic understanding, the derivations and implementations are done in a 1D mathematical setting,
which does not exclude its extension to multi slip strain gradient crystal plasticity setting. A convex-concave plastic
potential is considered. The concavity of the function is used to simulate the localization leading to failure of a steel
bar. When the amount of plastic deformation corresponds to the values in the concave region the instability starts and
continues until the ultimate failure of the material.
The paper is organized as follows. First, in Section 2 the problem is shortly described. Then, in Section 3, the
development of the rate dependent model is addressed. In section 4, the theory of the rate independent model is
presented. Section 5, studies the numerical results from the both models. Last, in section 6 the concluding remarks
are summarized.
2. Problem statement
In this paper the tensile deformation of a bar is studied, corresponding to a one-dimensional problem. Consider a
one-dimensional domain (0, l) of length l. The displacement of a point x ∈ (0, l) at the time instant t is denoted by
u = ut(x). Here and in the following, the dependence on time of a certain variable is indicated by a subscript, when it
is necessary. At the endpoints are assigned the boundary conditions ut(0) = 0 and ut(l) = lεt, where εt is an imposed
deformation, function of time. We suppose that the deformation is decomposed additively into an elastic part εe and a
plastic part εp = γ, i.e.,
u′ = εe + γ. (1)
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Note that the extension of this work in multi dimensions would end up in a crystal plasticity framework where plastic
strain would be calculated as a sum of plastic slips on diﬀerent slip systems, while in the current work the plastic
slip γ and plastic strain εp are basically the same. Volume forces are supposed to be null. Here we use the following
notation for derivatives. Given an arbitrary function v = vt(w), which depends on a certain variable w and on time t, a
prime indicates derivative with respect to w, v′ = dv/dw, and a dot means time derivative, v˙ = dv/dt.
3. The rate-dependent model
In this section the rate-dependent model, shortly called RD model, is summarized. The state variables are assumed
to be the elastic strain εe, the plastic slip (plastic strain) γ and the gradient of plastic slip γ′, and σ = σt(x), π = πt(x)
and ξ = ξt(x) are the respective conjugated stresses.
The balance equations
σ′ = 0, π − σ − ξ′ = 0. (2)
are obtained from the principle of virtual power (see Yalcinkaya et al. (2011) for details). Then, the dissipation
inequality is considered in order to satisfy the thermodynamical consistency
D = Pi − ˙ψ ≥ 0, (3)
where Pi = σ ˙εe+πγ˙+ ξγ˙′ and ψ(εe, γ, γ′) = ψe(εe)+ψγ(γ)+ψγ′ (γ′) are the local internal power, and the free-energy,
respectively. Assuming the constitutive assumptions
σ = ψ′e(εe), ξ = ψ′γ′ (γ′), (4)
the inequality (3) is reduced to
D =
(
π − ψ′γ
)
γ˙ = σdγ˙ ≥ 0, (5)
where the quantity within the brackets is identified as the dissipative stress σd. It follows that the stress conjugated to
γ is the sum of an energetic and a dissipative term
π = ψ′γ + σ
d. (6)
Here and in the next rate-independent model we assume
ψe(εe) =
1
2
Eεe2, and ψγ′(γ′) =
1
2
Aγ′2, (7)
and, from (4), the stresses have the expressions
σ = Eεe, ξ = Aγ′. (8)
where E is the Youngs modulus and A is the non-local parameter including the internal length scale. To satisfy the
second law of thermodynamics (5), we make the following general constitutive assumption
σd = s
(
|γ˙|
γ˙0
)m
sign(γ˙), (9)
in order to have a power law crystal plasticity type relation between the stress and the evolution of the plastic slip
field. Here s is the resistance to dislocation slip, γ˙0 is the reference slip rate and m is the rate sensitivity exponent. In
this paper we assume m = 1. In this context, let us define c = s/γ˙0 as a friction coeﬃcient. Thus now σd = cγ˙. Then
after using (6), the balance equation (2)2 and (8), we obtain the evolution equation for the plastic deformation
Eεe − ψ′γ + Aγ′′ − cγ˙ = 0. (10)
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Equations (2)1 and (10) are solved by implicit time integration, using u and γ as independent variables. Let (ut, γt)
be the solution at the previous instant t. For a given time step τ, the solution at the current instant t+τ is approximated
by the first-order Taylor expansion
ut+τ = ut + τu˙t, γt+τ = γt + τγ˙t. (11)
The rates u˙t and γ˙t are the unknowns of the following equations
(σt + τσ˙t)′ = 0, σt + τσ˙t −
(
ψ′γ(γt) + τψ′′γ (γt)γ˙t
)
+ Aγ′′t + τAγ˙′′t − cγ˙t = 0, (12)
which are obtained by linearizing equations (2)1 and (10). The last term in (12)2 has been approximated by the
backward Euler integration γ˙ = (γt+τ − γt)/τ. Using (8)1, and the relations ε˙et = u˙′t − γ˙t and σdt = σt − ψ′γ(γt) + Aγ′′t ,
and being σ′t = 0, the above equations turn into
(u˙′t − γ˙t)′ = 0, E(u˙′t − γ˙t) −
(
ψ′′γ (γt) +
c
τ
)
γ˙t + Aγ˙′′t = −
σdt
τ
. (13)
The boundary conditions are
u˙t(0) = 0, u˙t(l) = lε˙t; γ˙t(0) = γ˙t(l) = 0 (hard b.c.), or γ˙′t(0) = γ˙′t(l) = 0 (soft b.c.). (14)
4. The rate-independent model
In this section the basic ingredients of the rate-independent model proposed in Del Piero et al. (2013a) are recalled.
This model will be labeled RD model in the following. Consider the body strain energy
E(εe, γ) =
∫ l
0
(
ψe(εe) + θ(γ) + ψγ′ (γ′)
)
dx, (15)
where ψe is the elastic energy density, θ is the cohesive energy density, and ψγ′ is the non-local energy. We assume
that ψe and ψγ′ have the expressions (8), and that θ is monotonic increasing.
The energies ψe and ψγ′ are stored in the free-energy ψ = ψe + ψγ′ , while θ is totally dissipative. Thus it obeys the
dissipation inequality
˙θ(γ) = θ′(γ)γ˙ ≥ 0, (16)
which brings to
γ˙ ≥ 0, (17)
since θ is monotonic increasing. Within this framework, the dissipation inequality (3) reads D = (σ − ψ′e) ε˙e + πγ˙ +(
ξ − ψ′γ′
)
γ˙′ ≥ 0, and, with the constitutive assumptions (4), it reduces to
πγ˙ ≥ 0. (18)
Comparing (16) and (18), the internal stress conjugated to γ is
π = θ′(γ), (19)
and it is totally dissipative.
Let (δεe, δγ) be a perturbation of a given configuration (εe, γ). Since the dissipation inequality (17) requires that
γ can only grow, δγ must be non-negative. A configuration (εe, γ) is equilibrated if the first variation of the energy is
non-negative
δE(εe, γ; δεe, δγ) =
∫ l
0
(
σδεe +
(
π − ξ′
)
δγ
) dx + [ξ δγ]|l0 ≥ 0. (20)
In the above inequality, integration by parts is applied to the non-local term, and the constitutive assumptions (4) and
(19) are used. From it, for perturbations with δγ = 0, we obtain the macroscopic stress balance (2)1, and for arbitrary
perturbations such that δεe + δγ = 0, we get the inequalities
σ ≤ π − ξ′, ξ(0)δγ(0) ≤ 0, ξ(l)δγ(l) ≥ 0. (21)
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Inequality (21)1 represents a yield condition, which states that the stress σ cannot be greater than the yield limit π−ξ′,
and inequalities (21)2,3 are satisfied if γ = 0 (strong condition) or ξ = 0 (soft condition) at x = 0, l.
As in the previous section, the evolution problem is formulated by considering u and γ as independent variables.
The energy at the instant t rewrites
Ft = E(u′t − γt, γt) =
∫ l
0
(
ψe(u′t − γt) + θ(γt) + ψγ′ (γ′t)
)
dx. (22)
We consider the linear approximations (11), and the second-order development of the energy at the instant t + τ
Ft+τ(u˙t, γ˙t) = Ft + τ ˙Ft(u˙t, γ˙t) +
1
2
τ2 ¨Ft(u˙t, γ˙t) = Ft + τJt(u˙t, γ˙t), (23)
with Jt(u˙t, γ˙t) =
∫ l
0
(
E(u′t − γt)(u˙′t − γ˙t) + θ′(γt)γ˙t + Aγ′t γ˙′t
) dx + 12τ
∫ l
0
(
E(u˙′t − γ˙t)2 + θ′′(γt)γ˙2t + A ˙γ′t 2
)
dx. The incre-
mental evolution is determined by solving the following constrained quadratic programming problem at each time
step:
(u˙t, γ˙t) = argmin{ Jt(u˙t, γ˙t), γ˙t ≥ 0; u˙t(0) = 0, u˙t(l) = lε˙; γ˙t(0) = γ˙t(l) = 0, or ˙ξt(0) = ˙ξt(l) = 0 }. (24)
Both rate-dependent and rate-independent evolution problems are solved incrementally by means of finite element
method, where the displacement and plastic slip fields are considered as the global degrees of freedom. Yalcinkaya
et al. (2011) and Del Piero et al. (2013a) study the details of the numerical solution schemes.
5. Numerical modeling of necking and fracture in tensile steel bars
We consider the homogeneous bar of length l = 140 mm illustrated in Fig. 1(b), clamped at the left endpoint and
subjected to the tensile displacement εl at the right endpoint. It schematizes the tensile test performed on the bone-
shaped sample represented in Fig. 1(a), where the deformations of the enlargements at the extremities are neglected.
For the plastic energy (ψγ in rate-dependent model and θ in rate-independent model), we consider a piecewise cubic
function. It is a convex function in the interval 0 ≤ γ < 0.16, a concave function for 0.16 ≤ γ < 0.7, and a constant
function for γ > 0.7. Its analytical expression is
ψγ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0.75γ2 − 1.59γ3, 0 ≤ γ < 0.16,
0.013 + 0.1224(γ − 0.16) − 1700(γ − 0.16)2 − 0.57(γ − 0.16)3, 0.16 ≤ γ < 0.7,
0.2528 γ ≥ 0.7.
(25)
In Lancioni (2014), simple formulas are proposed, which relate the above polynomial coeﬃcients to experimental
data. For γ > 0.7, the bar deforms plastically without spending plastic energy, and this corresponds to complete
breaking. Thus, the simulations presented in the following are interrupted when γ reaches the breaking value γ = 0.7.
The material parameters are: Young’s Modulus E = 210 GPa, the non-local parameter A = 2 kN, and the friction
coeﬃcient is identified as c = 0.015 GPa/s.
The experimental and numerical stress-elongation σ − Δs curves are compared in Fig. 1. In the horizontal axis,
Δs represents the relative displacement between two points, indicated by dots in Fig. 1(a), and mutually distant
Δxmeas = 80 mm, which is measured by an extensometer, and, in the vertical axis, σ is the normal stress. Three
diﬀerent deformation rates ε˙ = 1 · 10−10, 0.8 · 10−3, and 1 · 10−2 s−1 are considered for the RD model. The simulations
predict three phases: an initial perfectly elastic phase, which interrupts when σ reaches the yield value σc = 0.375
GPa, an hardening phase, and a final softening phase. The RI and RD models give practically the same hardening
branches, but they diﬀer in predicting the softening curves. The branch of the RI model is long and sloped, being
very close to the experimental curve. The softening curves of the RD are shorter, and they strongly depend on the
deformation rate ε˙ and they get longer for increasing deformation rate. The stress-strain response curves plotted in
Fig. 2 diﬀers from those of Fig. 1 for the values of ε (imposed deformation) considered in the horizontal axis. Since
ε˙ = 1 · 10−10 is suﬃciently small, the corresponding curve approximates the response curve of the limit static case
ε˙ = 0. At this stage it is quite diﬀerent from the curve of the RI model. However, note that the RD model gives results
close to those of the RI model when small deformation rates are considered.
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Fig. 1. Left: Geometrical representation of the bar. Right: σ − Δl response curves given by the experiment (solid line), the RI model (dashed line),
and the RD model (dotted line).
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Fig. 2. σ − ε response curves at low deformation rates.
The evolution of γ is described in Fig. 3. The results of the RI model and RD model with ε˙ = 0.8 · 10−3 s−1 are
compared. In both the cases, the softening phase is characterized by a progressive localization of γ in smaller and
smaller portions in the middle of the bar, up to the final fracture, occurring when γ reaches the breaking vale γ = 0.7.
Thus both the RI and RD models describe fracture as the ending phase of a strain localization process. But they diﬀer
for the description outside the localization zone: for RI model, γ maintain constant, and only the elastic deformation
ε reduces, being ε = σ/E (perfectly elastic unloading); for the RD model, γ reduces, and it is partially recovered
outside the localization portion (elasto-plastic unloading). The deformation rates at fracture are reported in Fig. 4.
Much higher rates are reached in the RD model case. Indeed the softening phase occurs much faster in the RD model
than in the RI model.
High deformation rates are considered in Fig. 5 (ε˙ = 0.1, 1, and 10 s−1). As the deformation rate increases, larger
maximum stresses are attained, and the softening branches extend. Fig. 5(c) shows the delay in the evolution of the
plastic deformation encountered when large deformation rates are considered. Note that at high deformation rates RD
model produces homogeneous deformation field.
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Fig. 4. Normalized deformation rate γ˙/ε˙ at fracture: (a) RI model, and (b) RD model with ε˙ = 0.0008 s−1.
6. Summary and Conclusion
A comparison study is presented where the ability of two plasticity models on capturing the deformation local-
ization leading to fracture of steel bars under tensile loading. The first model is a rate-dependent one deduced from
classical thermodynamics, and it accounts for the partially recoverable plastic deformations. The other one is a rate-
independent variational model which accounts for incremental energy minimization, and it considers totally dissipa-
tive plastic deformations. Both plasticity models are enhanced by a gradient energy and a nonconvex plastic potential
contribution. The first contribution introduces a length parameter into the model allowing studies at diﬀerent length
scales and the second one introduces an instability leading to localization of the deformation field. The instability due
to second contribution is stabilized by the gradient energy function. The numerical examples illustrate the agreement
between the models and the experiment. At low deformation rates the results of the rate-dependent model approaches
to the rate-independent case. However when the rate is increased the rate-dependent model gives homogeneous solu-
tion. The numerical examples illustrate the potential of both models to capture rate-dependent and rate-independent
formation of necking.
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